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Topology
· Exam 7 %

CA : 4 assignments 25 %

Advantage
Submit by Todays +5 points

Submit by Monday - O points

NO Extension



Topology-

Geometry metric -> distences
, angles ("smooth magus)

-> open sets ("continuous mapsif
To definer continuity of a

may,
the

-melric
-

t important heso no - - can

-defined en terms of open sets

Definition-

-A lopology en a
st X e 2

subsat T E PCX) (power cell

(1) 0 ,
X are in the topology
00 ,

X = y

(2) Arbitr unions of elements
in I are in J

(3) Finite intersections of element in I
al in y



Let 55 ThenUse i
Let N = X

↑ < P(X)
.

Let 5 = 5513
,
525, . . . ,

[1
, 25

,
32

,
33

...
3

= all fritt subset

S = 3313
,
323

,
333

,
343

....
3 = [5 :3/i = x3

S = X

Since X J
,
J is t a topology

IExamples
(1) The trial one

Jenn = 30, X3 for any
at X

(2) The discell topology
Jdiscrete = P(X)



(3) Let X = IR and consider the
collection of sets consisting of abilu
unions of you intervals

,
i

5 = 55/S = (la
,
ra)3

~ the stender topology on the
rech line

(4)

X = 20
, 13

j = 30, x, 5133

L the subsets whichI⑳ -
draw circle around

we in j

() Des , XeJ

12) check by hand

(3) check by hand



This so theSerpinski Topology

(The "smallest non-trivial/non-discrete one

Definitum-
A teplazy 5 EPCX)

,
X same set st

() 0, XeJ

(2) S = 5
,US J

(3)5:5
,
1SK*, 5

Why
Open set ?

From metric spaces
: A subect SER"

st at every pointxes , thee
Cexiste Ba(x) S for some d20 no see



cuim
-

The gen set form a topology
Clar likely send of continious

=3
pre image of open set o open

·of
Let J :

you sets in IR"

DET , XeJ (as gen falls are

subset in R-

· Unions ?

Let S = J
,
is S =

a collection

of you sets

xes =
+ eS (methemente,

=> Ba(x) = S = US = S

· Intertia



Open at form a topology

generalise the notien ofSo we

may between functionscontinuity of
-other spaces

Definition
Let I be a tepto an X
SEX o gen of SEJ

Examples (of Topologies
Particular point topology .

Let xX

Define 5 = 30304S = X1 + eS3

· pejrxj - (*x)
·

union ? Let Se5
, say

S = US,5

Then either + S a S =

=>either S
.

= &Vi, or some 3
: #0

=> US: = x = S,US,



= US: eJ

· intersection ?

Let S = 15 1 Se5

either xES or 3 = &

if some S = 0 => 15. =+ J

If all S: =0 =>
+ eS

: O all i

=> x+ 15 = 155

(NB hold for clita intersections)

Bxcercise

Shar I is closed under unions and intersection

J = 20, [13, 31, 23, 20,13, Eashc3 , Ea, +, a d3]

GOC· ·

c

·

d



Definities
-ableA typology on X n mele:

of their existe 2 metric d:+ +X ->Ro
st the collection of unious of gen
balls in the metrio I form the

-

given topology

Exercise
-

The desctlo typology is metisable

Fol
d : x +x =>R

0 as

-=bd(a,b) =

36 = S

A ball BrE] = 5yex/d(xy) < r3

B
.
(a) = Em3 => the ingetters

eve gen falls

Bila) = X => Given a at SeX
,

S=UES3 C in the topologyaWhataf (mich ofee



=> discrete leptlegs ~ metable

Is Ex B metricable ? No !

Ex
-

co-cordinality topology (typically cofinite
Let X be some set

5 = 303055EX/XSe finites
Check
-

Dey -

xX =0 ,
101 a

· Unions

Let ST i

Then XUS:
= 1 XS

: XS, for some ;
z

fint
x - 15

:
= UX S Cite



· interestin

-Busesof logast in metis talogs
is open of it i un gas
unich of gen balls
-(interrub ele

Idea of base is toofstylo typologiesgeneralis this

Definition-

Base ofa topology (does not need
an astwaf 7 .

This is pisttepb
sets.a conditionan

Let X be a set and B = P(X) -

B is a bass of a to ogs f
(1) F x =X

,
- BrEB stxEBx

un

"Aus element"

(2) Let B, B2B

Vx = B
,

1 Bz - BytB st By <B, 1 B



Bi

O①OC·, us ⑨
Example-
1) B = Ex3 Boring and basic

i
Check

but Ian's farswite ex

(1) Pick xeX
,

End B st xBx ,
Bx =X

(2) Pick B
,
Be B => B

,

=B =X

=> k x
= B

,
+B = X

, -B=

=X

stx + By



(2) B = 55x31xx
Bx " By = Ex3 or 0

um um

x =

y -Fy

(3) Arithmetic progression (laseofa tepo
S(a

,
b) = Can +1/n + 23 (a + NN)

(1) Pick nez

meS(lin) = EvenIne] : I

2) Letmescal] a SCaye')I - un

n
= na +b n

= ma'tI

=
v

= nath = mal+I

Wort Sadl streS(d) < Sa
,b)-Saye-

Let c
= Lomba

,all, d =

v



dem (a)gat(a ,
ul) = an

zen

Gail ina
Intergen

reSClemla
,
all

,
n) ↳! Il

~

stx[ By B,B

Erenlem(a ,
all3

So we need to show that By B
,
rB,

Sufficient to check By = B,

Let t = By =Suc

So t =

r + hm(a
,a)k

=
na +1 +a()4

=

a (n + kat) + b = S(a
,
l) =M

,



1 = Ba = B
,
uBe

(4) Open rectangles in di 4

-

- -
- -- -

--- : -&

S -
---

T
-

-
-(S

I

-- S

I

I

Vx = 14
W ! & & !

-- - -- -

...
-

j -
&

I
-

-

I -
-I

-

- I
.

--- -

(2) ----- 3,

I S

I "...
-

- -

Y

I
I -

: Y

S

:....
1-

- -- I

I
&

I
!

-

-
- -

-
-



Definition The tepl generated by ar
-

and claims base (of a topology
Let B be a base on X

.

We define
-

lepolozy
,
anamel the teplog generated

ly B
/

follows
U = X gen V xt

/
the exists

BreB stx = Bx - C (*)

-

-M

-
-

--

Proofclaim
Lets call the subset of P(x) ofsett satisfys this couch,ten (*)

,
j

2) 05 Yes (Vx0,-)

X5 Yes (andten 1) of base?



(2) Unions

Let U = 0 Un Ui salesting (*)
LEI

Let xeL whos U
,
=> By s &

= - Be st xe B
.
-U

, by (A) , so

x = B =u, VUc = U
LGI

= x B = U U
,

O
Bx U,

o

XOO
Un

OUs

(3) Intersections

Let U
.,
U2 he saluyns (*)

O
U

OOn



1 B
,
st x EB

,
U,

B st xeBa <U2

=> By st x B>
< B

, uBz = U
.

" Un

Theorem y
-

-

a last

lateptigreatedpossible minee a collecte of
of bass elements

2

"gan setz we wit of gar ball
-1 2reclengles C IR)in

A
j = 2 ,
25 ES j = 2

· ( = 2)

Let UE 5
.
This means that

for all X eU,
S

J By stBx = B
stx + Bx = U => VBx =U

xeU

· (2 = 5) Sufficient to show that
K BeB , Bej



Ex unious will as be in J
, by (2)

a -of loploss

Check
--

↳ +eB
,
doe there exist

Bx = Bstx + B = B ?

A : Bx = B



Bass-identificationLemma

-The Apology generate b
of

based

is the collection of unions bass
element

a Given typology 5 a X
,
har

- C

to check that B generates the
-

lepology J ? Cil wher is the toage
generated by B equal to J
A basis identification lemma) Let j
be XT

a
collectionltry

on -f i
of gas subset st For all

U gen in ein j all xeU
There exists B B

,
and

-
K &&

S
XeB *

/

(1) B is a basis

To check (a) 6·F + EX De
- Bx = B

st +
+ Bx( =x)

This is implied by * for U = X



(1) If B, B B the

-xeBuBe
,

they exists By st

x
= By = B

,
nB

OAs B
,
Ba open ①-B

= B
,
B

, gar

= Apply (*) to B
,
+B,

QS TOP gen by B = 5

-

collection ofall unrons

of lass elements

As lass elements are gas in T

unieny there of we gen in y Se

the typology generate by 3 is &

subset of J .

For the reverse inclusion let U be

glas in J



-
BGooS-4

Q : B
= U (asB

+ 4)
= V +

= U
,

x = By

=> + = UBx -
= U

zitetMany promes

S(a
,b) = [a + nb)n = 13

ac /N

Lasttime : The collection of such scail)
forms a bass of a teplo
call the Firstenbeg topolog

YO
- Let

y



Assumption : We have finitely many primes

S(a
, 1) = [b] (oda) 10] = [a] eto

We can choose be 20, .., a 13

=> SC
, 0) vS(a

, 1) ... Scan-1) = 2C

11

cit cit [a- 1]

Fact
-

If Be B then B is gen in the

typology generated by B

=> Scail) are gen in Firstenbug
-lopoloz

Puntian
A set A -X e closed of it'sS complement is open .

-

Start) = 2 S(u
, 0) v

... Scal ....

... uS(a
,

a
-1)



Assumption finitely many prices p....
-

> Pr

- other thes 1,-1 canEvery enlagen
-

he willes as

are of ther
up for ne

, di

primes

=> every integer i contained in S(pi ,O
far some po

[1,
+3 = 2 - ((p, 0) +S(pa ,

0) v
---

- -. - S(pn , 0))
diam E1,-13 is open

IS (a,e)) = 15 na + 13) = a

So of E-1, 3 was ye
the Slab)

-generall the 5-1+13
,

i a

unren of Scaleploghich as enfinite
Sets enossible

g

2 - US = 12-

To shew thei

2 - 1
,

+ (3 = (2) S(p
,
0))n(21S(p

,
0)) ~

.. - v 0)
we se

ger Fill intersecten !En ofgen set



S(m ,
0) Sp1) v

... vS(p,p.
-D = 2

=> 2S(p , 0) =Sp1]vS1p,
25

.. uSpif
-
-

= open
gas

derTorologies
Defin-

A is simple order on a setX
is a relation salesting
(1) either z

=
or xy or yx

(2) X X is false

() + y , y
= =) +

Last tint
-

Semple orders : either x
y,

x =

y , y
- t

·

x
=

x e false
·

x y , y z
=> z



item

Ther order tep leg an X i the
-lopology generalit by the folleung
basi element

· (a,b) for a f (,b) = Ex=x/a +
=

- b)

· [a,
63 of a = min(X,!

· (b
,
2) of c

= max(X>

Example-

Metro topology on IR is generated by
the metric tosupple[Cali lates , so

order topology notan R is the
< on IR
*less ther relation (a simple order

~roof (of well definedness of definite
We need to show that the collection

of these sets forms a lass for a

-depologg
(1) F xxX,

there exists a lass element
-anlaung X



cases

(2) X
= min(X

, a)

x = 2x
, y) for x you x

=

y

(l) =
= mur(X,)

x - (y ,
=] fr yx

(2) neither (a) nor/1)

=. 4
,
t sta =

x
=b =

x (a
,b)

(2)Suppose
f

&
x

= (a
,
b) -4

↳ 3r

x
= (c

,
d)

e=↓
2 is

Let L =

max (a, c)

R =
min (t,d)

=> x = (L
, R) = (a

,
b) + (cd)



=> (L
,
R) o the basis element

fr the 2nd condition to
be a bas is

#

Exampleof order Topology
X = 21, 23 x N

element : (1, 2) ,
(2

,
1)

,
(1, 1), (1, 3),.-

.

(a,1) < (a
,d) ofa or a

b - d

=s 19
, 2/R , 1) -

(1
,
1) < (1

, 2) < 11
, 3) <

(21) < (2,2) < /,3) <

Q : What o the resulting topology
tinal

If (2, 3) < (*y)
=> -2 =

x2 =
x32

,
4)3 =

1 2 3,
(2

, 55) -

(x
, y) = ((2, 3), (2,5/)

=
- =2 ,

ach 3 <

y
+ 5 =

y
= 4



=> [R,
433 = (2, 3), 2, 51)

= The order toploy cannot be 30, X3
S

as [R453 is you ! = NOT indiscrete

~Discret

Are the singelten

Q :is 311, 133 you
?

2 (1, 1)3 = ( D, 1) , (1123) /

Q : B 5(2 , 133 gen
?
~

Not a lats element
L

[(2, 1) ,
(2

, 2) (as (2
, 1) F min(X

, c),Of

We need to show that [12 , 113 o NOT

a Loss element => A is not a

with of basis elements as 1312, 131 =/

2(2
,
113 = [(1

, 1), (=,y)

#f (x,y) = (1, 2) => not tur
ele (((1, 1), (x

,y))) > /



&(,
1)3 = ( (

,
) , (,d)) ? A: No !

· If a
= 2 then (2

,
x) < 12

, 1) no impossible
· If a

= 1 => (11, 1) , 12, 01) conten
more tha 1 element !

Sowill the
E

Product Topology-
Let * Y le spaces

X
topological

(i a set tereblog on X

Define a topology on X+ Y ?

Defe :tur
-

The product typology on X*Y ~

generated by
Su-VI U gen in X,

U gue in X3

Claims
-

B = EU = VIU pen in X, Voreo



(1) (, y) = X + y => (x,y) = X + y = B

of (xy) +u +U + 4) =V

=> (xy) +unx + var = u + V-u=V
-

luss element

-var*U

T unu/am
W-..

VI

Quim-

EBx x By/B+ = Bx , By e By3

generates the product topology an X+y
where Br B -e lasts for tho

&
-lopologis an 2x,y

----
,

--X , .
.

- -

i
S 1 + y=



~
ProdentTopology
Given X

,Y topological spaces ,

XxY = cartesies product ~ he

tepo generated by

EUV/K = X open ,
V = Y go3

Note that this o equivalent to
the teplg greated by
[Bxc/BE, CceS

B = las for the topology on X

Geo
·

tocolleg en X esgenen
generatech by B) and the
them an Y e generated
by
eleplogs

of (Bass identificen Lemma
all bases element UX

To checks
.
En attestso

wer in X,

gen
in Y

X + Y
,
and all (JeX S

dasin -Y C
thes exist a lasis element
st (x

,y) = w = 0 C



A yes ! because B is a las for X,-

Sc the i some BeB st
x

=Ba
· Similarly for X : Get

Ce2 ye = V

=> B+ 4+

u +
UIl13)BFB -

+ --

27C L

Fe

IR" = IR = IR (stended teptoe on 1)

fais fr M : EB +B'lB ,
B' :
basi elementson

-
= ((a

,
b) + (cd/3

- b



YE-(,d) ---
Y S

E
(a.l)

l

=> usinggoe entered as a base

= basis element are
you rectangles

IR as a metric space is greated
by open balls ,i

& Br(x)(x = 12
,

n > 03

is a bases

T R = R as a space theS same

as R as a melrig space ? Yes ?



Fact
-

↑ A
S
B we luss X

/-f of typologic for
and all ki element Aof we gen
in the toloy greated by B, /A

Then the topologies agree
To shew that IR*1 and IR "(meter

-

agree we use the fach

A
Y

- - - - -

I E
S

↑

⑮ ↑

I

i!
-

- -

-
!

--



TolimitTopology (Sargen Frey line)

Definitent
-

We typologize R as follows let

B = 5 [a, b) (a = 13

and let the Sorgenfrey lind beL

generalet by this bass

Noto
-

(a
,
b) = U [x

,
1)

a < xf

=z set standerderry gen in the-
an Rloclog
line

o oven in the

Sorgenfrey

willIRe * Re = typological space-
buse vertengle of the
falleng form



-

-I E~
i
-

I

Botten an

alu
The gives the -Jorgenfreyplane

subspaces
-

Let X be a topological space
unch Y = X a subset

Defritun
-

The subspace lepto on Y is

given by

Jy = Su -y /U = 53

where J is the toolloy u T

Exercise : This is a tepho-



Example

In 20,13 (order toconga IR)
dim
-

A law for the subspace tople
on 50

,
13 o given by

&(a,b) - [0
, 131a < es

a
< 120 => 0

a
> / =>> O

If a O
,
b e 10

, 1)

=> (a
,
1) n[C

, 1)
= <0

, 1)

If 0 - a <
,
831 => (n

,
1/1 [C, 13 = (a

,
1]

Oca < b +

= (a
, e) + [0

, 13 = (e)
=> 0 =

m (20
,
17

,
<)

1 =

mux (20, 1) , c)



Note that this collection (20, 1), 1, 1 , Call
↳ up to inclucting all of 10, 17 the
basi fr the order tocology on 10

, 17

i : Sulgue of the ode tegleg
is the same as ads tepless
af resteTele order

Exce : Find on example whereThis
es frito

Fact
-

The product tblog und salspare
-lopology gerates commute

i let AX , B
= Y then the salspa

AB of X*Y is the same as

the product of A as a subspace
of X

,
B subglace of X

Lemma
-

Let B be a
base for X ,

A =X
.

Then

B
= < B +A/B = B3

o a base for the subspace toly A



Mrot of Fact
Check we can find are fase he
both topologies

subspaces-
Let YX

.

The subspace Y is

typologisch as

5 = &U-Y/1 open in X3

o My gen in y = My = UnY

U gas in X

· product topology operation "commutes"
with sulgee
n A =X

,
BeY then

A - 1 top as the subspace of X*Y
= AxB- product of subspaces
A = X

,
B = Y

of some lass for both



BasedSett

futur
Let S = X

.

We th 50
sayclosed f S = Xi U for U

open (equivalently
,
XSFU) n open)

-ideNoto

If is

af
leptengin se

toee
a
-

of closed

11) 0
,
X closed

(2) alitary intersections of closedsett are closed sets we closed

(3)to were of
closedt a

Notatin-

-

12 11

subspace Dietella
"" subset (notconsideredaa



Lemme
-

Let YEX A set C i closed in Y
&

f ( = c ny fa CI closed in X.

Y

c

-111II Cl*
Let C be closed in Y

C = Y 'V
comen in y

= X-(u' - y)
↑

open in X

-

= - Y
,
x4 u-Y

=>
x

= Y
,

+ ku



= + +Y
,

x = X U

( x cy1(X - u')

=> y - (x , w
~

closed in X

so let C' = X , u

Dentur
Let SX .

We define

·close of S,
Y

-
-

-

C

C 0
:

clx(s) = J =
ix

W
S = C

"the smallest closed set contouring S"

·intenar of S ,

O

int(s) = 3 = Wa
U open

US

"largestou set contained in "



Facts
-

5 closed
,

s is open,

S is closed => S =5

So
open

=) S =

o Early A preve

Lemma
-

Let Scy = X .
The

cly(S) = c(S) + y = 5 1 y

Notatin
-

5 usually refers to clx(S)

Ma- (S)#
- Y

in-S--~j



fol
cly(s) = 1 C

C closed in Y

S = C

previous
Lemma &

=
S

1 C'1Y
C'closedin X

S = C'1X

= 1C' - Y
CabesalnX

S = C'las S = /)

= (1C) - Y
C'closed.

nX

S = C

= 5 1 Y

wunition-

A neighborhood Culld) of x
= X

is an open U containing X



Lemmer
-

The following we equivalent
(1) + =5

(2) every alho of intersects

(3) every closed set centuring S also
cantuins X

fol
(1) => (3)

x = 5 = 1C
Close
SEC

C contains S and i closed↳b --
,

S sox + 5 => +
+ C

(3) => (1)

Let SEC and C closed imple C

=> 1C
S = 2

,
C closed



contains X us all members of the
intersection contain X

(2) =>(3)
&

&
Y

-

C
S

⑫I ↑

- -

Suppose-every neighborhood ofx
Yintersects S

Let C be a closed set containing S.
s wish to show C Tl XE A - xC ,

then xXC
,

an gen set containing T

is
a
alld of x

By assumptio ,
XC then interes S.

Since S = c
,
Su(XiC) = 0

So XC correct
intersects

,
so this

i a contradiction G S
C

=) x C O



(3 =3(2)

Let every
closed set contuning S

also contin X
.
Let U be a

hd of X
.

To shor U intersectul
-

S Let usassume this is not
the case

,
10 Uns = 0

Ser Uns = &

=> S : X : U
,

so XIU is closed

containing S, it must contain x

But larly xX-U as (x <4)

Definitum-
A lim?f paint of a set S-X in a

tap X ~ peX st everyAlhaof p intersect S in a
-

you
set containing p

point the then ↑ ·
With s for the

set of limit points of S

Y

im If true for
all u =pes/



The following are equivalent #5.i

(1) + e5

(2)
every basis element can turing P
Lie all ulhals of R which al lass

elements) intersects S

Af Exercise

The following are equretent
(1) +
eS

22) All basis elements contraringx
Tintersect S in a point other than X

Example
-

Let S = [0
, 1) 0523 and find s

(1) Every point 10, 1 o a limit point

Recall Open balls entered at I
form a bass of the metit ader tep g
on1R

,
so we must chec f all

open balls centered a peto, 13



intersects with s' continue a point other
than p

Boley = (p -

c
, p

+c)nS =()

LaseI

Bo(d) n S = [0, 3)
-E+1-

0 I

Le2

B
,
(a) +S = (1 - 2

, 1)
#D

Case 3 n 5

IHave for with subcones

In all cass (p- &
, p

+s)151 3p3 =0
so p is a limit point

p
= -2 is not a temt0 point

1- -

-
p>0



=>

nopoint w other than,
es

= 2 i not a limit point as( (1 . 5
,

2 .5) S1323 = 0

Example
S = EhInEN3 in R

temit paint 0

(- c
,
2) 1S = 3m/3

-

o
many solute

Archimadien prop

of reals

=> I(-2,
a) us 1203120

= O i a limit point

No other point is a limit point

11.1 11
↑
make radius
small enough



Ext

5 = S'uS

f
x5E every ulhel ofa interests

Jesus:

every ulho of a point
-xS intersects either

a point other then -In

= xeS']C

or onealhd
,

U
, of x intersects sS

/

x onlyun

=> x+ + S

= + S

ZEsus

If x S' =>
every ulhd of x interests

xes = defA



Sequences-

Definite
-

A sequence space X w

x :N--Xwit tep Cxi
= X i)

Definition
-

A set S=X an

sequence -
etuallyabsa bit

finitel many Xi

* ·....O&
X

enter
G

A
sequence (xi) converges to p Oall needs af p eventually absorb (i)
(1 all bit finitely
he ↳ the ntha)

my sequence elements



Examples-

·
erpiusky tople

O· ·

I

xiN =>X
O

x
= 0

to converges to-

Dallde of entuallyasa
of 1s t

Does X eventually absol (:) Yes *
O

~
The sequence also converges to C

check

Example
-

X with the indescels -

Then all
point

every sequence conve
polya

T = 30, X3



Sequences IR = metro tep

IRe-laer limit tes

Trumple

=
n

= (1) " (t(r)
in a metro topblog on IR :

xn
> 0

· lower unit tep log on IR
Class [a ,1) a

<h does not converge

n
->PE) all lass element containing

p eventually absorb Xa i
-all but finitel terms

to in the bass element

In
-> O in IR

l

Consider a basis element containing O

Ba = [0
, 2) · dain Ba does nat

absorb Xu

Element in By are non-negates,
but x

, 1 .. , 73155
, x2i + 1

Cl regatvo
Se E B => a termsX

, x]) twitt E may
of (n) da not lo in B Se

Es

in 0



Yu
= 1

U

converges to O in oth IR and Re

Fact
-

If X is Hausdeff the sequences
converge to at most to al point

: Exercise

Category Theory-

AGalenstuf adene

f f : 0- 0

g
:0 O

gray
hom=



Contents functions
-

Definition-

ES
A function fix-> X for top space
X

, Y is a ma st fa all gen

UEY
, 8

+

(1) e gen in X

East

f is contentions of (B) wj open
for all Be
teelog en B,

a basis frthe

is a lus forthe termgwhich generate gron
topz an X

Example

f : R -> /R goen +
1 +

"

proof "soon"



Fact
-

Let #
,d) and (Xe) he metig spaces/

8 : (X
,
d) -> (X,

e) a may betwee
~

spaces
Ymetric is conteners at a

point xX of F 270750

&x) 3 => e(f(x, f())2a

f is centurous off n contentious at
all points &

x = Bx(b)=>(k) = By
= f(B+ (5) = Bay(s)

Lemma
-

The following are equivalent

(1)J is its A = clx(A)

(2) A = X
, f(t) = [A)

Ben(E)

13) VxeX and all whole V of fi
there exists a alhd U of x

stf(u) = v B
+(S)

f(Bx(S)) = By(t)

(4) So all closed Ce Y the preionage
8"(2) w closed in X



For 13) I do not require that
f(U) is open

A

() = (2)

Let x <E
,
To prove f(x-f(A)

--
u)

-
8

·f 48()· X A As

Y f
· f(p)& i:-S"I

Recall x
= 5 E> for all neighborhoods

U of X ,
ns = 0

Cp = f
+

(u)(f) =u)

8 Vuld
(2) 8 "(U) n you => f "(2) + A = 0 , y = &
them 8"U trivial1) is anlhd of a with

-

intersection with A, xt

Sy p = A +f
+ (H)

8"(u) = 4
=> f(p) = f(A) - U



=> Unf(1) = 0

=> fi = TA)

Racell U was a alld of f()

(2) => (4)

Let Cey closed want to show

f(C) is closed
.

Let A = f+(C)

To show E = A (E) a o closed

n = A

x
=> need to show xA = f

+(C)

( f(x) = C

(2) +
=1 = fx =f(t) =f(A) = AE())

B = C - = C

=>i [

f(f +(C)) = C -



(4) => (1)

Let U2Y he o

=> Y I U closed

f
+(y-u) = b + (y) - 8"(u)

= x y
+ ()
u

closed

=f+(u) open

()) = (3)

whk th -U

Let U = 8"(v) ~Boring]
G

(3) =>(1)

Let U = Y be our

Ashow f"(U) is per



Let xef"(H) . Then f(x .

U i a alld
of f =) their exists a nlhd w

Cof X st f(W) = U 8 W) -UE Wef"Cul

C Y
~Mus

A-
WX = f

-(u)⑧ O·

b
& Q

.-⑨wa

=>Wx = f
"

(H) (as = - f
"(H) and x = (e)

=> Union of gas set
=> f"(U) is open



Easts

Let X
,
4

,
2 he top spaces,

(1) 18(x)) = 1 => f is its

(2) idix 13 + is it

(3) O X -> X
, g4 - > 2 =>yof its

(4) A -X a subspace
, O :X->Y its

=>> Ha is ets

(5) m(x + y) ->X , m(x + y) - Y are its

16) 8 :x -> Yx2 - to off : of n if
areits

① f(x) =g(·
A

,
u closed

!g -x AnB



=> AuB-3X vin h
=

St
is its of big are ets

If is a grou have is a group isomaphism
-=> J lijectureandfa

a groy

Beniten

f is a homomorphism ("Esomorphom in Tolegy")&

f fi X -> Y is to
, f is a ligtin

f"is to

Defen

f is an embeckling C fix ->Y

Ind Tos to
3
natis homomorphism

anto its image



frites
Let x be a top space and AX
then A s dese of A =X

Em

= IR TRQ = R
, algebraz reals

Q10 = 1

Definition
-

A es separable of it is dense
ach countable

X is sparable of X culmity a close
and countabil subset

DefinTun
-

no
X is 2 countable of it admit
a countable basi

Examples
-

R with bass [By(s)/g : Q
,aofbe

Check)



B(E] = Y falls in bass above

· R"

· Fact metric space
2 countable of

Sprable



&treut Topology

S = 3 (, y) = R2/x +
y

=
= 13

typologized as a subspace of R

Recall
-> A busis for Sis guen

by considering a basis I
-und taking the intersection with g

, - an foll

* #· ①

-
-

·
~

I

-MA-i
⑨

-S -
ont

&

&
open ball on I

T-f we use genfallen ar

as
a
eRe Kenin & -

orl gen crcS

Another optier is to consider a

ma
8 : [0

,
2=]



measuringora length along the circle
from a basepant in a specific

-dreatin the typical bas elemet
are of form &((0,, G.))

1% ·
-f((0, 02))

- 2 Eit

GoulWhat conditions should a my-

f have so Th we cu
-reconstruct to teclog an

S' (with having to embed
it in R]

Note :o surjecture

U =S' open "(U) -[0, 25]
is open

Not that I mostahomeemumpiisSinjecture except



"Picture"

10 2 02

↓it ~DD
In this case we can check that

giving

S = 3(y)/ + +y2 = 13 as a setl

the tepo

UIS'
open

E3 8 "(U) you

gives the to roles a s' defined before

2u(

I

- & - #-H He
O

[0
,

0, ) is open

(G
,
25] is open as well

=> 8"(k) open



-for .Tur

A
map fix - > X is a grationt my
f
113 8 is sirjective lelse XfX] is discrete&

us / is open

(2) Hey open
=> f"(U) is open

Example

f : [0
,
27] -> si

is a gradient my

F

# ②
[0

,
17 = [0

,
13

. 2 7 ---

-E-
~> ~L fis⑧* --: ⑨-%



Definite
Let X be a tepological au

Y a set -p a surjectedmy
p

: X -> X .

The quotient topo
an Y - the unique lepsle
such that a quotient mge .

We that by o enewed with
the sayquotat topoe given by p.

Specifically,( &KEY o you E
> pu) -X es go

t

If we consider 8 : [0
,

2=3 -> Si
as a

set

the The

quotunttea a
S'
agrees

with the defined one

Example-

1 is
an equrstingX -- In ,where - &relatio -

with quotient tecoly
We say that Yo "is an identificated spare



ExampleofExemple
X = [0

,
2= ]

On2i H

prp

Y
= 530, 23 , 24.33

(pe(0,
2 =)

~ from before
S

ThenI is really just

f:x -> /y-

y
1> (y]



eniten
&A set s is salevated with respect

to a my 8 : x ->/ o

S-f() = 0 => f
+

(p)cS

s fO
S

O Y
X O -> 9O O⑳ ,
!f+(2)

Fait
-

&Sw sahalect (e) Sid a pra image f
some set u = Y

Fact
-

A surjecture migh

If mys continen guineeven t



Fait

, p its , surjecturea
ma

-

Surjective + U = Y goe Eph() oper

of p mys salesch gen set to gen sets
zu

A salerTalech

(a)

X -h) 1 A =0

⑳
A

=> p"() =A
&

Definities-

closed losel close

pro open of p mags open sets to on set

Fast
-

Open sirjective itsmys are quotient mug
closed-



Properties
m

Projection (n : X + y ->X) we gen but
not closed

: IR2->R is not closed. Consider
S = En = (2n

,
2n+1]/n = Nb S

This is not dosel
but i(S) = E3 EIR i not closed

I
I - +[6, 7]

I -↑ I
↓

i
E + [4,5]

I

I

1
1 * [2, 3)

-

Im
-...>

n(s) is not closed
"

Sh/nEN3 as O n a limit point
but Okn(S)



Any alld of 0 intered (s)

=> Octs) but Ofn(S]

S is close

,
T
-

&itsSince on ouen disc, small

I
I enough antered at P
I is disjoint from S

,

S is losd
& --

pilR
-> [1

,
-13

p(y) = + 1 o gz

py)
= - 1fy = 0

What - the to tog?
↳des

Motet
which males P a potent

ag



0 = p-(4)
> 0ye

p(513) = (- 0
, 0]E2-13 not

open

2 +13 = (0
, 07 E

> 3+ 13 en

p
+(3 +1, - 13) = R open

[7

E+11 -13 ge

① DOG- I + /



2(x) =

E

["(2 + 13) = G

E (3 - 13) = 1 - Q

=⑪
Fact
-

Let
p

: X -> Y
/ A satuwitha sustient ma I
-respect to p S
tes pA)

s suotient my f
de the

the
·

following holds

· A open or closed

·

p open o closed

ot Set theory leasy)



outof quotat spaces
Eart

pix -Ya quotient
-

a
this , g

: x+z
a ma cas tant Libers afp
-

X
,
YeX st p() =p(Y)

X
g

=g(x) = g(y)

·&
->z

y
=Ya

The unctures
a map ost jop-g

(1) I guatient map off of is a quotating

(2) g
its off its

si
↑

--01 y
2n

-
g



of
what f ?

define f:-I st of yey
then g(r(y) = 2 (constant on filers)
so define f(y) =

z

⑪wh

O OY 7 Z

-
f

di g its => f its



g
= fop

f its is
y itscompositionof its
may

o
ts => Pick U : Z

, open .
To show

8"(U) qe

y (k)
=

p
+(e

+

(u)) (y = 80p)

U open
=> g(H) open

↑ grotient my
=> p(fn)) open of 8thS open
zu

=34) open
=> 8M open

=> 8 its

S Lectura -3 m

May I



EncrationConditions Cariams)

n.
Tur

X i Hausderff of
F x -

y ,
the exists

- DU*X
, Very such that

u + V = O

implicatin
-

x Ex3 =

Yly
where xeV

, y
< My

V- Uy =0

My ,
V are open

= X-Ex3 is spen

= i close

Definition-
A space no T

, pet singeltens are closed



Fact
-

In E T
, space (particularly ItW),

finite sett Cl closed -
Thi

S

implies that o J i the

cofiito bloglop a X
,
and X n

T

,
then Ja - I

,
the tepoles en X

"A refines the cofinite topology
11

Es singettes are closed

Definite-

A Th space X s regulen
f -xX ,

all closed K

sets C not contruing i L

- there are on H
,
1 ①Unv = 0 ,

x U
,
C V O

Definite-

A T
, space * i normal

f K closedeigent set U
r - X

C
,
↳ - X there exists

-

8:open sett U
,
r = X st OC = U

,
N = V

,
Un =0
i



Fact
-

Let X be a T
, space

(1) X is regular of for all x
and for all ulho
U of x)

there exists &hala ab V of x st

= U

(2) X n normal off fa
all closedcts C and Dall gen U which contain
C thee exists on gen
set ↓ st C=V veU

Pof

↑ reger => X satufies the condition

⑪
Let c = X - u ( = u')

··
X regular = 0

,
0 open

-
&

- such that"F!O Let v=Let- -Yy

/
O (Sme G is dosd 0HY

=> = 0 = U



Eat

(1) A subsone of a Hausderff spor is
Hausderf

(2) A subgrace of a regula space
i regular

13) Sulpresofnormal pasanot

of
(2)

O--&
C

C = Y desed

= ( = YnC)
,
2) dese in X

= Way
,
any

one

in Y , disgett C + Uny
,
xeUny

-



"O2O-D-
&

-

Cannot greates existence Cn'disjoint
such that C = C D = W/

F

IRR is normal

F

Eat

IRe < Re Sargenfrey plane) is not normal



Impactness

Defrites
-

A cover for - tepological Gue es

a collectin EUaback of gen sett
such that X = UK .

Defritu
-

X n compant of every cover EUBaci
admits a finite subconer is

X = U Na 2 =JI It 151 <
a

Example
-

O es compact

item
2 2

IRP = ↳Am+x) 8



Eat

A closed subset of a compact space
is compact

Claims
-

* compet , LEX closed => C compact

C-Ula , Ne gen

Consider

X = X +C v Uk ⑰&EI
um

open

=>> X compact , finity subcover

=> X = X : C -U
,

"He ...

" Un
-

[

=> C = U
,
.... Un

= EU Bact Client Compact



Definition-

A spaceo Lindelof of every
cer

Uka =X
LEI

admitt a countable subcorer

Examplee [Fue) o not Lucelf

F

IR is not compact

IR = U(n,
n

+2)



Claim
-

-LetContacte userf
,
If
is closed

f

=> If

①
Let

I X Hauscherff .
Pick Uy *

x··z Vyty , for each yel

:uz : i = C= Vy (as yeV)
=> C compart

=> finite subcons

C = Vy, Vy ...In

U = My
,
" Ug .

"
... "Uga gen

U-Vy,

= 0

=> u + (Vv) =0 = u + c = 0

xk[j => C = c => C closed



Eat
YLet f be contenious

-
↑ compet

C= fX) compact

Prof

f(x) =U ,
No ge

f"((a) no open

= 8"(a) no

Oa mich of open
set

=f( (a) = f +(f(x) "
= X

Let X = f "(U, ) v
. . .

. f+(Un)

be a finite subcover
as X o compact

X = f
+(k

,
vkzV

... Un)

= U
,
0 v

. . . Un = f(x)
=> f(x) compact



East

Let f he a centinious my froma compact Spare
a Hausdef space S f ligere, Then

fis a homeemorphem

A
Let C = X closed

X compact => C Compact

=> f(C) compact subset of Hausdef
subset

,
so closed

=> I closed map
=>f contente

=

J honeomorphism



-portnessunder Product

Fut
-

Let X be compart, Y compet
-= S X+ y ex compart

i
I compact => III = comput

↓ 2
- 3

I compart

14 compact



↓
Lemmes (Tube)
Let X, Y be

S

Let Ne X+y
be gen

such xxY - IN for
some To

IX x y-
Then there exists a nhd W of to

poof

x
+ Y = Y

* (x , y) +
y

=>xxY i compact
(as Xi

=> Rick a pant (x,y) + x Y



(0 , y) E IN Ign Of

Kosy) = My - V = N (HyzX, U = //

=> get (oy) = Ug + Vy = N Or all yey

Consider Vy =/ (apen in

WVy = y
= > y = V , vVga... Wy. (finite sulvane

y
= Y

=> U = Hy, Uy ,
... Lyn

=> n + y = N

to -My =S + W



Compactness-
Rece "Tale Lemma"
-

=> there exist

of - X st

W + Y = N-
a who wex

j
tube

Claim
-

X
, Y compact =>X+Y compact

Proof of Claim-

Let X +y An

Let to X crlitary

Then x.
= Y <UA( = x y)



Y compact => x Y compart
=>ro =Y =Aa

,
~An ... Adn

- &

Y*E-1TO↳↓-1 F--
to

Apely take Lemma to N =

As
,

.... As

Since xY = Ag, ..

" As

the take lemma gives us t We st

·
-w



Wx = X ,

As Ti compart there exist a

Imito subauer

X = W ... "We = UWX
(

=> X =y = u(W
+

= Y)
= U(Ac ,

~As ".. An)= A

= (W) + Y

=

((W.

+ Y

With W
.
Y &Av .... An

where A = As for some atI

= x +y = yWx +Y

- Y(UA;)= to



=> finite Subcons

it
CO

,
13 compart

=> [0
,
13 =C0

, 13 o compact

Gmectedness
-

S =

E
, -]

-R

O 3

Y ↑
blot blob2

Studi the toecy of S = (0
,
1) + (3, 4)

- essentiall determine by the

tepoloz of CO, 1) and the tephody
of (3,

43

(0, 1) =S ge 10
,
1)" = S1C0

, 1) open



nitin
A separation of a typological space
X = U -L U

,
L open, disjunct non

empt salset' of X

If X actseparatutheseX

Fact
-

If X admits a separation S
X =Ur

-Kas U, V are gon
ach closed

t
S is disconnected

Fact
-

Suppose separatiometa und

Y = X
·

Then Y=U or

Yev

of
Write = Ley)r

open in Y gen in Y



Since Y does not admit a separation
either Way or Un Y i empty

whoy Uny 0 => y = UrY = U

Fast
-

Let A he connected subpar ofX . If
B solute that A =B=

C
-

B = A- Eart limit points ofA3)i

Aus B i connected

of

Suppose not. Write

B = U -V , a separation

A connected > A = U o A V.

whoy assure A-U.

Let x E
. Syspose -V ,

thes -
is aulhd ofa stV- A = 0
So x & A

U= untradiction O00A =t



= xU

=> B = U

Theorem
-

The unien af
a point o need subspaces shonone

of

Suppose not

Let Y = E t where <
,
% connected

Write X = UWV
, a separation .

Then XzU(whog)
=

x Y => x = ) Yel #xY

=> UX = U => y = u = v =0

Fat

connected, fix -> Y
, f ets ,*** j(x) is comeceDes -

Prof



Let f(x) = UrV
,

a separation . The

f
-() -f

+(V) =X

&
i a separation a contractichem

Fut
-

X
, Y connected => X*Y no corrected

·
Let
lived I:= (

* [y:3) -E *S = X) for some

X = X * Eyi3 Cheneomorphic)
and Y = Ex3 -Y

=> (x
, yi) = X * 39:3

and (,y) = Ex3 +Y

=> Tyi connected

=> X + y=UTy: w connected

as (g) Tyi F



-EnologistsSure Love

Let firs>R
* #>su(t)

Consider the grages of fr303 = 1 +, 17

↑m-
- 1-

Main

Topologists sing curve is connected

D
11) First we show that the

no connected Comings of t It
under continious map g)

g(x
= (x ,sm(t))



2) B is a set st AEBEF
,
A corrected

= B connected

Stat

Let (g) = 303 - C-1, 13 ,
claims

a sequence

[Vn] = graph(f)
such that r

-> (x,y) = (yy) = TSC

Let meEl, 17

The by sitemediate value theorem I
- st int) =

r

=> su(+ (k) =

~ ge nex

=> * = * + 2kr

S =C

=> (O
,
r) is the limit point of



=(a)
=>

un
- > (0,r)

=> CO
,
r) t graph(f) for any

neCt
,
13

=> SC graph (f) => connected

-TheCamb Space

-( combspace C

-
1 + 10

,
13#

Not deletect

[0, []

The space is

(0
,
1] = 503 vE5*3 + (0

,
1) /n = N3 vE03 - [0

, 1]

Deleted confspae s

2 13 (0,0) , 10, 133



Mi

C is connected

Arouf
-Connected by memor S

Ci a

mich of these sets -esuttg (0, 0)

Lemma
-

X corrected a content functi
f: x -> EU

, B cannot
he surjectue discrete

of

E) X connected
, of its

=> f(x) is connected

But 203r313 ferm a separation
of 50

, 13

=> f(A = 203 o 8(x = 33

=> cannot be sugetive



(=) Pasting Lemma : f : (
, >Y its

giG -Y c , C, G =X are

closed

Olana Glana

=> his, .2 -Y given ly

h() = f (0) / (4 , h()
=g(c)cC(2

n cts

g

->

O -> /O I

C CL-f



We will apply the lemma as follows

Let UVV he a separation ofX
U

,
Vare local!

hix -350, 13 a

+ 130y +
1y +c

This is as by the pasting lemma
o

f : U -> 30, 13 + 10 and

g
: v -> 50, 13 =

1 /

one centerious

Unr =0 ,
U

,
V closed

=>> Pasting Lemma

=>h its

= contradiction



Defintur-

Let X be a tep space. Delive
x -y of thes exists a connected
set C st x

, y C Thi e an
-epurtena relatin Comilled).

Definiti-

The exurten classes we called connected

component

Connected component

[0
,
13

,
(2

, 3)

Example-
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